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Abstract. The usefulness of fluorescence techniques for 
the study of macromolecular structure and dynamics de- 
pends on the accuracy and sensitivity of the methods used 
for data analysis. Many methods for data analysis have 
been proposed and used, but little attention has been paid 
to the maximum likelihood method, generally known as 
the most powerful statistical method for parameter esti- 
mation. In this paper we study the properties and behav- 
ior of maximum likelihood estimates by using simulated 
fluorescence intensity decay data. We show that the max- 
imum likelihood method provides generally more accu- 
rate estimates of lifetimes and fractions than does the 
standard least-squares approach especially when the life- 
time ratios between individual components are small. 
Three novelties to the field of fluorescence decay analysis 
are also introduced and studied in this paper: a) dis- 
cretization of the convolution integral based on the gen- 
eralized integral mean value theorem: b) the likelihood 
ratio test as a tool to determine the number of exponen- 
tial decay components in a given decay profile; and 
c) separability and detectability indices which provide 
measures on how accurately, a particular decay compo- 
nent can be detected. Based on the experience gained 
from this and from our previous study of the Pad6- 
Laplace method, we make some recommendations on 
how the complex problem of deconvolution and parame- 
ter estimation of multiexponential functions might be ap- 
proached in an experimental setting. 
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1 Introduction 

The extraction of fluorescence decay lifetimes from time- 
correlated single photon counting (TC SPC) measure- 
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ments is a problem with a long history, a consequence of 
the difficulties involved. The issue centers on two numer- 
ically ill-conditioned problems: deconvolution with re- 
spect to the instrument reponse function (IRF), and pa- 
rameter estimation of multiexponential functions. Favor- 
able characteristics of the problem relate to the possibility 
that the level of noise in the data can be controlled, and 
to the fact that one can obtain dense sampling of the 
fluorescence intensity decay curve. 

The essential property of any method for the analysis 
of multicomponent decay curves determined experimen- 
tally, and contaminated by noise, is the ability to separate 
the individual components (separability, or resolvability). 
For a given level of noise, a given number of sampled 
data, and a given algorithm, there is a critical lifetime 
ratio and a critical fraction ratio beyond which the corre- 
sponding components cannot be resolved. Thus, if the 
lifetime ratio is smaller than the critical lifetime ratio, or 
if the fraction ratio is greater than the critical fraction 
ratio, the corresponding two components are likely to be 
detected by the algorithm as one component. It is also 
essential for the method to be accurate, i.e. the values 
obtained for the parameters must be sufficiently close to 
the "true" values. In ideal circumstances the latter can be 
known from experiments in which the contribution of 
each component has been determined prior to creation of 
a mixture of components. In the case of synthetic data the 
values of the parameters have been selected. 

These considerations become particularly significant 
for the interpretation of the fluorescence intensity decays 
in macromolecules. For example, the interpretation of 
heterogeneous tryptophan fluorescence lifetimes in a 
protein bearing a single tryptophan residue in terms of 
discrete exponential terms is frequently held to imply 
unique, distinguishable conformational states of the 
protein. Moreover, the actual values of the lifetimes given 
by the analysis may be used to infer the physical nature 
of the interaction of the indole moiety with its environs. 
Given the usefulness of fluorescence techniques for the 
study of macromolecular structure and dynamics, espe- 
cially in the picosecond to nanosecond timescale, it is 
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easy to understand why the experimenter needs accurate 
data on the fluorescence decay constants. 

Many methods of multicomponent decay curve analy- 
sis and deconvolution have been applied to estimate de- 
cay lifetimes and fractions from the TCSPC data: i) The 
method of moments (Isenberg and Dyson 1969; Small et 
al. 1989); ii) the modulating functions method (Valeur 
and Moirez 1973; Szabo and Bramal 1983); iii) the expo- 
nential series method (Ware et al. 1973; Siemiarczuk et al. 
1. 990); iv) the least squares method with iterative reconvo- 
lution (LS) (Grinvald and Steinberg 1974; Periasamy 
1988; Wong and Harris 1989); v) the Laplace transform 
method (Gafni et al. 1975; Ameloot and Hendrickx 
1983); vi) the Fourier transform method (Andre et al. 
1979; Good et al. 1984); vii) the phase plane method 
(Demas and Adamson 1971; Jezequel et al. 1982); viii) the 
integral equation method (Provencher 1982a; Gregory 
and Zhu 1990); ix) the maximum likelihood method 
(Heinde et al. 1977; Hall and Selinger 1981; 1984); x) the 
global analysis approach (Eisenfeld and Ford 1979; 
Knutson et al. 1983; Ameloot et al. 1986; Beechem and 
Gratton 1988; Janssens et al. 1990); and most recently xi) 
the maximum entropy method (Livesey and Brochon 
1987; Siemiarczuk et al. 1990), and xii) the generalized 
Pad6-Laplace method (GPL) (Bajzer et al. 1990 a). The 
very fact that so many methods have been proposed, 
and used, suggests that none of them is completely satis- 
factory. 

O'Connor et al. (1979) performed a relatively detailed 
comparison of nine techniques applied to the analysis of 
measured fluorescence decay curves for well character- 
ized fluorophores. They recommended the LS method 
because it "can be used with no loss in accuracy to fit any 
chosen section of the decay curve". This statement ig- 
nores the observation that some parts of the curve carry 
more information on a given component than others. In 
this paper we show explicitly that loss of accuracy occurs 
if the tail of decay curve is omitted. 

The most complete studies, by simulation, considered 
seven different methods, and were performed by McKin- 
non et al. (1977), but only for two-component decays. 
They concluded that the LS method is "marginally better 
in its sensitivity to noise and its ability to separate compo- 
nents when tested on simulated data with a rapidly decay- 
ing lamp profile", but is superior to other methods when 
there is a long tailed instrument response function. How- 
ever, since present day laser technology offers a very nar- 
row decaying IRE there is no need to discriminate be- 
tween the methods on the basis of their ability to accom- 
modate a long tailed IRE 

The preference for LS is reiterated in the book of 
O'Connor and Phillips (1984). Most recently the LS 
method was highly regarded in "Recommended Methods 
for Fluorescence Decay Analysis" (Eaton 1990). The ef- 
fectiveness of the LS approach is further enhanced by the 
use of "global analysis". The latter states that the separa- 
bility attained by the LS method can be further improved 
by use of simultaneous analysis of several data sets (Knut- 
son et al. 1983). Thus, today the LS approach is generally 
considered the "gold standard", and if another method is 
to be considered a replacement, there must be compelling 

justification. By use of numerous simulations and an 
elaborate procedure for comparison of different meth- 
ods, we have recently shown (Bajzer et al. 1990a) that 
under certain conditions the GPL method provides more 
accurate estimates than the LS method. Similarly, Small 
et al. (1989) recently pointed out advantages of the meth- 
od of moments over the standard LS approach. These 
most recent findings, and in general the multiplicity of the 
methodologies which have already been developed, sug- 
gest clearly the uncertainty investigators still feel regard- 
ing the validity of any one method of analysis, irrespec- 
tive of the statistical criteria used to buttress the results 
obtained. 

In the present paper we revisit the maximum likeli- 
hood method. This method was introduced for fluores- 
cence data analysis by Hall and Selinger (1981; 1984), but 
apparently it has not been developed subsequently. These 
authors did not include convolution with the IRF in their 
work, and they basically limited their studies to one- and 
two-component decays, with the exception of some for- 
mal developments in their Appendix (Hall and Selinger 
1984). They were primarily concerned with the develop- 
ment of a special algorithm for maximizing the likelihood 
function which would take advantage of analytical prop- 
erties of multiexponential functions. In their first paper, 
Hall and Selinger (1981) provided analytical solutions for 
the case of a single exponential model using least squares, 
the method of moments, and the maximum likelihood 
estimators. These estimators were compared and con- 
trasted, and the authors concluded that the maximum 
likelihood estimator provided the best choice. An impor- 
tant and key difference between the LS and ML methods 
for the analysis of time correlated photon counting fluo- 
rescence decay data is the assumption of Poisson statis- 
tics in the ML method to treat the noise in the data, 
versus the assumption of Gaussian statistics used in the 
LS analysis. We show in this paper how this difference in 
treatment of noise affects the analysis. 

Thus, the rationale for this paper may be summarized 
as follows: a) The interpretation of the fluorescence in- 
tensity decay time in terms of protein structure and dy- 
namics depends on the accuracy of the methods used for 
data analysis; b) There are several indications the LS 
method used as a "golden standard" is not always the 
most accurate; c) The ML method was applied to the 
analysis of very particular cases of fluorescence decays 
with encouraging results (Hall and Selinger 1984); d) Our 
preliminary results have shown (Bajzer et al. 1990 b), that 
when the estimates from the ML and LS methods are 
compared for accuracy in parameter recovery (lifetimes 
and fractions), for small lifetime ratios (say 1.3) the ML 
method is superior; e) The maximum likelihood ap- 
proach has been thoroughly studied in the statistical liter- 
ature and is known to be most powerful method for pa- 
rameter estimation; f )  Someone accustomed to the LS 
method will have no difficulty in using the ML method 
because the practical procedures of analysis are exactly 
the same and for all practical purposes the methods are 
computationally equivalent. 

The main goals of this paper are: 1) To formulate and 
develop the ML method for fluorescence decay analysis 



with any number of components and with the instrument 
response function taken into account. 2) To investigate 
how accurate are the ML and the LS parameter estimates 
under various conditions of number of components, life- 
times ratios, fraction ratios, channel widths and signal to 
noise ratios. 

In Sect. 2 of the paper we accomplish the first main 
goal. The maximum likelihood method with iterative re- 
convolutions is presented in Sect. 2.1 and in Sect. 2.2 the 
properties of the ML estimator are considered. Specifi- 
cally, we introduce "separability" and "detectability" in- 
dices which provide information a priori, whether (and 
how accurately) a particular decay component can be 
detected by use of the maximum likelihood method. We 
also consider the likelihood ratio test as a tool to deter- 
mine how many exponential decay components are re- 
quired to adequately fit the fluorescence intensity decay 
data. This test has a long history in statistics, but appar- 
ently has never been systematically employed in the field 
of fluorescence intensity decay analysis. Subsection 2.3 is 
devoted to a new discretization scheme of the convolu- 
tion integral based on the generalized integral value theo- 
rem and the minimax principle. 

Section 3 of this paper is devoted to the second main 
goal. By using over 7 000 simulated fluorescence intensity 
decay profiles, we have tested the performance of the ML 
and LS methods under different conditions with regard to 
number of decay components, lifetime ratios, fraction ra- 
tios, channel width and signal to noise ratio. We also 
tested the performance of the modified least squares 
method (LSM) which includes weights defined by the 
model function instead by measured data as in the stan- 
dard LS method (Awaya 1979; Hall and Selinger 1981; 
Provencher 1982a; Selinger and Harris 1983). This ap- 
proach has not been widely used but is known to provide 
more accurate estimates than the standard LS method. 
From our results it is clear that tests by simulation offer 
much more flexibility than can tests on real data. As a 
consequence, some hidden features of the method being 
considered can be revealed. We have therefore devoted a 
good deal of the present paper to testing by simulation in 
order to thoroughly evaluate the methodology. Applica- 
tion of our ML method the analysis of fluorescence decay 
in proteins has been reported elsewhere (Haydock et al. 
1990). 

To compare the ML method with the LS approach 
and the GPL method we use the average relative errors 
per parameter (Eisenfeld and Ford 1979; Bajzer et al. 
1990a). The results show that the maximum likelihood 
method generally provides most accurate estimation of 
lifetimes and fractions. In conclusion, we offer some rec- 
ommendations on how to approach the analysis of fluo- 
rescence intensity decay curves by use of the maximum 
likelihood method in combination with other methods 
and how to design the additional experiments to increase 
the amount of information in data necessary to obtain 
most accurate estimate of parameters. The appendix is 
devoted to the comparison of the ML the LS and the 
LSM methods from a computational standpoint, and to 
the computational aspects of the new discretization 
scheme. 

2 Theory 
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2.1 The maximum likelihood method 

The maximum likelihood method is considered to be the 
most powerful statistically based method of parameter 
estimation (see for example Kendall and Stuart (1979); 
Meyer (1975); Lehmann (1981)). It can be outlined 
briefly as follows. 

Let us assume that we have n independent observa- 
tions (counts) cl, . . . ,  c,. If the probability of i-th obser- 
vation is p(cz; 0), where 0=(01 . . . .  , Ore) is a parameter 
vector, the joint probability, which is called the likelihood 
function can be written as 

L(c 1 . . . . .  c,; 0)= f i  p(c~, 0). (1) 
i = 1  

The ML method then provides as an estimate of the 
"true" value of the parameter vector O, a particular vec- 
tor, say/~, which maximizes the likelihood function. In 
the case of time correlated single photon counting mea- 
surements the observed counts c¢ can be assumed to fol- 
low the Poisson distribution, 

p (c,; 0) = e- <c,> ( c y ' / c ,  !, (2) 

where (c~) is the expected value of the number of counts 
in the i-th channel. This expected value for the fluores- 
cence decay process is modeled by (O'Connor and 
Phillips 1984): 

i h  

( c , ) =  ~ Io(t) dt+bi=-o,(O), i=1 . . . . .  n, (3) 
0 - 1) h 

where h denotes channel width (time calibration) and b~ 
denotes the number of background counts in the i-th 
channel determined as an average dark count per channel 
(O'Connor and Phillips •984). I0 (t) is the "observed" flu- 
orescence decay function expressed as a convolution of 
the instrument response function R(t) and the actual flu- 
orescence intensity decay law I(t): 

Io (t) = i R (t + 6 - u) I (u) du = i R (u + 3) 1 ( t -  u) du, (4) 
0 0 

i h  

R~=(R¢)+vi ,  (R i )=  ~ R(t )d t ,  i = l , . . . , n ,  (5) 
( i --  1 ) h  

N N 

l ( t)= Z Ake-'/~k,A~=fk/Zk, • f k = f , N = ( m - - l ) / 2 .  (6) 
k = l  k = l  

Ri is the observed number of counts in channel i obtained 
by measurement of the instrument response function (it is 
assumed that background count per channel is deter- 
mined as above and subtracted). (Ri) and vi are the cor- 
responding expected value and noise respectively. The 
parameter vector 0 is given by lifetimes and fractions, 
OZk_ 1 -----rk, 02k=fk, k =  1 . . . . .  N ,  and by the zero-time 
shift, 0 m = 6. 

The log-likelihood function In L attains its maximum 
for the same value of 0 as the likelihood function, L. It is 
customary to determine 0 by minimizing - In L, which in 
the case of Poisson distribution is equivalent to minimiz- 
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ing the Poisson deviance (McCullagh and Nelder 1983): 

O (0) = 2 ~ {c, In [c,/g~ (0)] - [c, - g, (0)]}. (7) 
i = 1  

In the standard LS approach used for fluorescence decay 
analysis (Grinvald and Steinberg 1974; O'Connor and 
Phillips 1984) which was recently recommended by the 
International Union of Pure and Applied Chemistry 
(Eaton 1990), the function to be minimized is formally 
quite different: 

z 2 = Z [c,-g~ (o)y/c~. (8) 
i = l  

This is the deviance for a Gaussian distribution of the 
observed counts, with a standard deviation a, of each 
count estimated as ~ 1 When the number of counts is 
large, however, (7) and (8) are numerically close, as a 
consequence of the central limit theorem by which the 
Poisson distribution can be approximated by the Gaus- 
sian distribution (Meyer 1975). Thus, from a theoretical 
point of view, the ML estimator will differ from the LS  
estimator by the extent to which the low-count region of the 
fluorescence decay curve determines the values of parame- 
ters. 

When low count numbers are involved, several au- 
thors (Awaya 1979; Provencher 1982a; Selinger and Har- 
ris 1983) proposed the following modification of deviance 
(8): 

22= ~ [c,-g~(O)lZ/g~(O) (9) 

which is a Gaussian deviance with standard deviation 
a~ = x/9,(O). We will refer to this approach as the modified 
least-squares method (LSM). The minimization of devi- 
ance (9) yields less biased estimates of parameters than the 
minimization of deviance (8) (Awaya 1979; Selinger and 
Harris 1983). However, as shown by Awaya (1979, 1980) 
for analysis of low radioactivity decay curves, the mini- 
mization of Poisson deviance (7) yielded more accurate 
estimates than those obtained by minimization of (8) or 
(9). Results of our simulations (Sect. 3) have shown the 
same. 

To compare the deviances (7), (8) and (9) we expanded 
the expressions under summation in a Taylor series with 
respect to the quantity 4,=(c,-g~)/g,; g~=g,(0): (10) 

O(O) =Z2+ ~', g, [2 ~3/3 +O (4~4)1 =)~z_ ~ g, [43/3 +O(44)1 • 
i = 1  / = i  

Clearly, for very small ~, (large g, and close to c~) the three 
deviances are numerically very close. However when 
small numbers of counts (say< 100) are included, 4, be- 
comes relatively large and these deviations may differ 
substantially. 

If in a certain channel j, c j=0 ,  the corresponding term in the sum 
is omitted. Such cases occur very infrequently since the background 
is included in the number of counts (see (3)). Usually n =  512, and 
in simulations we performed the number of counts was zero, at 
most, in a few channels, so that neglecting the corresponding chan- 
nels cannot significantly affect the estimation of parameters 

The minimization of deviances (7), (8) or (9) is known 
to be a difficult numerical problem with solutions often 
very dependent on the initial guess for parameter values. 
The Nelder-Mead simplex minimization algorithm 
(Nelder and Mead 1965) has been advocated (see e.g. 
Phillips and Eyring 1988) as being robust with respect to 
starting parameter values and has recently been used in 
fluorescence decay analysis (Wong and Harris 1989). This 
was an incentive to apply it in our investigations - the 
implementation of Press et al. (1986) was used. Besides the 
simplex algorithm we also employed the modified Leven- 
berg-Marquardt algorithm (More 1977; Morris 1981) 
known as one of the best presently available. 

In the standard LS method the goodness of fit is usual- 
ly assessed by the value of the reduced chi-square, )~2 = )~2/ 
v, v = n -  m and by inspection of residuals: [c;-g,(0)]/x/~. 
In the ML approach D (0)/v corresponds to the reduced 
chi-square, and normally distributed residuals can be 
defined (McCullagh and Nelder 1983) as: x/2[c, ln(c,/ 
g, (0) - c~ + g, (0)] lz2 sign [c , -  g i (0)]. 

2.2 Properties of maximum likelihood estimator 

Two aspects of the maximum likelihood estimator will be 
of interest to us. The first concerns estimation, i.e., how 
"close" is the ML estimator to the truth; and the second 
has to do with testing, i.e., evaluation of whether a given 
component is actually present. The properties of the ML 
estimator related to these aspects are summarized in basic 
statistical texts (Cox and Hinkley 1974; Meyer 1975; 
Kendal and Stuart 1979; Lehman 1981). 

The uncertainty of the maximum likelihood estimator 
0 is related to the concept of information about the param- 
eter vector 0 which we explicitely define for the benefit of 
the reader. For a given model function 9,(0) the informa- 
tion about 0 contributed by the i-th number of counts c, 
(with an error distributed according to the Poisson distri- 
bution) is the matrix I, (0) defined by elements: 

I ,k= lnp(c," O) lnp(G; 0) 
' ~ g, (0) aOj ~0~ 

(11) 

The total information about 0 contributed by the set of 
counts {c 1 .... , c,} is 

I(0) = Z i~ (o). (12) 
i = 1  

For any non-biased estimator 0e of 0, and any vector 
a = (a l, .-., am) of constants, irrespective of the observed 
data set and the estimation method, the following in- 
equality is valid: 

var(a • Oe)> a[I(O)]- 1 a r" (13) 

This is a special case of "information (or Cram6r-Rao) 
inequality". A biased estimator can easily have smaller 
variance, for instance 0/10 is biased towards zero, but 
with 1/100th the variance. 

We found this inequality especially useful for obtaining 
some information a priori on the possible separability of 
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two components. Sandor et al. (1970) defined the index o f  
separability Su for components with lifetimes zk and "r t as 

[var (zk) + var ('c3] 1/2 (14) 

The higher the value of this index the higher is the prob- 
ability that the components can be separated. Now, by 
using the inequality (13) we can calculate the upper bound 
of the index of separability: (15) 

(I'gk + I'u) 1/2 =- sk'' I'kk = [I- 112 k_ 1.2k- ~, k = 1, . . . ,  N 

Thus, su can be calculated for a given instrument re- 
sponse function and assumed values of parameters (in- 
cluding the value of the background counts per channel), 
and provides information on whether two components 
can be separated before estimation of the parameters is 
attempted. It is clear that if Skz< 1, the two components 
are likely to be nonseparable. 

In a similar way we introduce the index o f  detectabili- 
ty, Oh, for the fraction fk: 

Ok fk < f* -- dk , t  --1 - - - -  I k k = [  I ]2k,2. (16) [var (L)] 1/z (I~,'k) 1/2 ' 

k = l  . . . .  , N .  

Again, the upper bound of the index of detectability dk 
can be calculated before estimation of the parameters is 
attempted, and thus provides the information a priori on 
whether a component is detectable. For d, < 1 a consid- 
ered component is likely to be undetectable. 

As an overall error measure we have used the average 
relative error in parameters, 

77:._ N ( Zk__Zl + f __ f (  ~ (17) 
E=2Nk=- '~\I  Zk I [ fk [/ 

where rl are estimated lifetimes and f / a r e  corresponding 
estimated fractions. The index I is such that for a given k, 
[Zk--'C'~[ is minimal. This error measure successfully char- 
acterizes the overall accuracy of parameter estimation 
when the true values of parameters are assumed (Eisen- 
feld and Ford 1979; Bajzer et al. 1990a). 

The maximum likelihood estimate is related to the 
information matrix in a key way: As the information 
about 0 increases the bias of ~ tends to zero and the 
covariance matrix V of 0 tends to I -  1. By the information 
inequality (13), ~ is asymptotically fully efficient, i.e. no 
other unbiased estimator can have a smaller variance. We 
will measure the information about 0 with 

M = (Trace I -  a)- 1, (18) 

which is approximately the reciprocal value of the sum of 
the variances of 0, so that it increases as the variances 
decrease. The eovariance matrix V of/~ can be also ap- 
proximated by the inverse Hessian matrix: 

1 ~2 D(O) (19) 
V~[H(0)] -~, Hj, ( 0 ) -  2 ~O j ~0, " 

As the information about each parameter increases, it 
is also true that ML estimates will assume a Gaussian 

distribution, and confidence limits for each parameter can 
be computed as + 1.96o-(0j), o-(0j)=v/~j  j . 

For a given measured fluorescence intensity decay 
profile one does not know a priori the number (N) of 
multiexponential components present. To obtain this in- 
formation we could use some other method of analysis 
which intrinsically provides this number (e.g. the general- 
ized Pad6-Laplace method (Bajzer et al. 1990a)), but we 
can also rely on the likelihood ratio test. This test is based 
on the ratio of likelihood functions at the maximum for 
two corresponding nested models (e.g. two- and one-com- 
ponent models). The logarithm of this ratio equals the 
difference of related deviances, and the following applies: 

Assume that a sequence of models with 3, 5, 7, ... 
parameters has been fit to a given data set and that 
D3,Ds ,D7 , . . .  are the resulting deviances. If the true 
model has r parameters then D r -  D r + 2, the apparent im- 
provement in fit, will be distributed as a chi-square distri- 
bution on two degrees of freedom, Z~. The difference 
D r - 2 -  Dr will be distributed as a random variable which 
is stochastically larger than a Z~; how much larger de- 
pends both on the lack of fit and the amount of informa- 
tion. 

The practical test of whether a particular fluorescence 
decay profile can be described by N -  1 or N components 
may be then formulated as follows: First an arbitrary 
cutpoint is chosen, for example Pr (X> 9.2)= 0.01 when X 
is chi-squared on two degrees of freedom. Then, if for the 
difference of deviances the inequality 

AN -= D2~- 1 - D2N+ 1 --> 9.2 (20) 

is valid, the model with N - 1  components is rejected as 
unacceptable. The probability that a model with N - 1  
components will be erroneously rejected, i.e., that too 
many components are chosen, is then 0.01. 

Based on simulations (described below), in Fig. 1 we 
show how the difference of deviances varies with the life- 
time ratio for 2, 3 and 4 exponential components. This 
figure clearly reveals that the threshold in lifetime ratio 
for detection of the exact number of components increas- 
es with the number of components, which reflects the 
known fact that the problem of fitting data with multiex- 
ponential functions becomes increasingly more difficult 
as the number of exponentials increases. 

2.3 Discretization of  the convolution integral 

Standardly accepted discretization of the convolution in- 
tegral (4) for fluorescence intensity decay analysis (Grin- 
vald and Steinberg 1974) is based on the trapezoid rule for 
integration. McKinnon et al. (1977) proposed in the sup- 
plement of their paper another discretization scheme 
based on piecewise linear approximation of the IRF and 
explicit analytical integration of the resulting integrals. 
They found this scheme to be more accurate when short 
lifetimes are involved (i.e. when h/~k is not very small). 
Recently, this was independently confirmed by numerous 
simulations (Periasamy 1988) 2. However Isenberg (1983) 

2 We note that in these simulations the counts of IRK R~, were in- 
appropriately simulated by R((i-1)h) instead by the integral in (5) 
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Fig. 1. The median of difference between deviances for N -  t and N 
components given by (17) as a function of lifetime ratio and N. For 
a given N and the lifetime ratio the median is determined from 
differences obtained by applying the ML method to the analysis of 
101 simulated data sets corresponding to different realizations of the 
Poisson noise. The lifetime ratio is defined as z2/z 1 for N=2, %/ 
"C1='C3/'C 2 for N--3, and 272/~'l~---'g3/T2=~'g/Z3 for N=4 where 
zt = 1 ns, zero time shift 6=0, and the components were character- 
ized by equal fractions. The simulations were based on measured 
IRF comprising 512 data points, 40 000 counts at peak and channel 
width of 0.025 ns/channel. The peak value of simulated fluorescence 
intensity decay profile was limited to 40 000 counts + noise, and the 
background level was set to zero. The full width half maximum of 
IRF was 0.09 ns 

indicated that Simpson integration is more precise than 
the discretization scheme of McKinnon et al. We present 
here a new scheme whereby the maximal numerical inte- 
gration error is minimized. In addition we explicitly 
derive the expressions with 6 ~ 0. 

Our aim is to express the expected number of 
counts (c~)=g~ (0) as a function of parameters zk, fk, 
k = 1, . . . ,  N, and ~, and observed counts of IRF, R~. Equa- 
tions (3-6) imply: 

N ih 
g,(O)= ~, Ak ~ e - t / ~ i R ( u + 6 ) e " # ~ d u d t + b , ,  (21) 

k = l  ( i -1)h  o 

and by partial integration with respect to t we obtain: 

N 
g~ ( 0 ) :  ~ f k [ e  - h ( i - 1 ) / ~ k  G i - l - - e  - h i / ~  G i + e ~ i ] + b i ,  (22) 

k = l  

ih ih 
Gi=~ g (u+b)e" /~du ,R~= ~ R(u+b)du .  (23) 

o (i - t ) h 

By using the generalized mean value theorem of integral 
calculus (cf. Bronshtein and Semendyayev 1985) we can 
express G~ through R~, 

i jh 
Gi = Z Fj, Fj= ~ R(u+6) e"/~du=ehCJ-l+'lJ)/~R~, 

j = l  (j-- 1)h 

0 <_ ~j ___ 1. (24) 

Here the value of t/j, j = 1, . . . ,  n depends on h, 6 and R (t), 
and generally is not known. In the absence of appropriate 
information about  the function R(t), we choose a value of 
0.5 for qj to reduce the largest possible error (minimax 
principle). So, for t/j--0.5 the largest possible error in 

estimation of the integral in (24) is given by the factor 
exp (0.5 h/Zk). For  any other choice of the value of q~ (inde- 
pendent on j) the corresponding factor could be larger. 
This approach is more conservative than the above men- 
tioned approaches because it makes no assumption re- 
garding the shape on the integrand. In particular, it does 
not require linear approximation of R(t) in the interval 
[h i -  h, h i] and subsequent replacement of R (h i) by (Ri)  
as is required in the approach of McKinnon et al. (1977). 
The same replacement is presumably also used in the 
Simpson integration of Isenberg (1983). 

Now, the expression (22) with (24) for t/j = 0.5 becomes 

N i - 1  
gi(0)= 2 f~[e, • ehC-i-i)/~R~+fikR~+~'kl+b~, (25) 

k - 1  j = l  

where 

O~k=2Sinh(~z~),flk=l--eh/(2~k). (26) 

and e~ is the approximation error due to choice of t/j as 
0.5. For  small h/Zk, ak~h/z k, flk,~h/(2Zk). Formally, the 
expression (25) is equal to the standard formula of Grin- 
vald and Steinberg (1974) when 6 = 0, e~ = 0, ak = h/Zk and 
flk=h/(2Zk). This means that Grinvald-Steinberg dis- 
cretization scheme and our approach should yield numer- 
ically close results when the smallest Zk is a few orders of 
magnitude larger than channel width h. 

In order to obtain an expression for 9~ (0) in terms of 
the measured counts, R~, when 6 is assumed to be differ- 
ent from zero, the following expressions are derived di- 
rectly from definitions of R~ and (Ri): 

R~= Q ( i h + f i ) - Q ( i h - h + 6 ) ,  Q(x)=~ R(x)dx,  

Q (i h) - Q (i h -  h) = ( R , ) .  (27) 

The zero-time shift 6 always can be written in the form 

6 = I h + e, - h/2 <_ e < h/2, (28) 

where I is an integer and R~ can be expressed as a differ- 
ence of functions of the form Q (x + e). Then, by using the 
Taylor expansion of Q(x + e) with respect to e and 

R (x) = dQ (x)/dx : [Q (x + h) - Q (x)]/h + 0 (h) (29) 

(27) and (5) lead to 

R~= P~ + v,+l +(vi+t+ l -  v,+l) e/h + eO(h) + O(e2) , 

P~ =n~+,+ e(R~+t+ 1 -R~+,)/h (30) 

Now, R~, j = 1 , . . . ,  i in (25) can be replaced by Pj yielding 
an expression prepared for actual numerical evaluation. 
This replacement formally requires ~k to be replaced by a 
certain e k which is a combined approximation error aris- 
ing from a) noise v~, i.e. replacement of (Ri)  by R~, b) the 
choice of t h as 0.5, and c) the error, of the order O(h2), in 
approximating R~. A computationally convenient recur- 
sive form of (25) analogue to that of Grinvald and Stein- 
berg (1974), is derived in the Appendix. 

In the following we compare the performance of the 
proposed discretization scheme with those of Grinvald 
and Steinberg (GS) and McKinnon, Szabo and Miller 
(MSM), by the use of simulations based on the IRF given 
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Table 1. Comparison of discretization schemes" 

.rl b Em~ a GS Eme d MSM Eme d M ~ 

0.05 0.073 0.018 0.038 1 
0.2 0.017 0.015 0.010 0.4 
0.6 0.020 0.030 0.017 0.03 
1.0 0.054 0.068 0.049 0.002 
1.5 0.264 0.336 0.263 0.00006 

GS - scheme of Grinvald and Steinberg (1974); MSM - scheme of 
McKinnon et al. (1977); the approach presented here is unlabeled 
b Zl is in nanoseconds; zz=2ns, f1=0.1, fz=0.9 
c M is normalized to the largest value 

by: R( t ' )=a t '2e  -°4t"  (t' in channels; O 'Connor  and 
Phillips 1984). The parameter a was chosen to yield 
20 000 counts at the peak of the IRF and the channel 
width was h=0 . 05ns  yielding F W H M = 0 . 1 2 n s .  The 
background in fluorescence intensity decay functions was 
b~ = 2 counts and we assumed no zero-time shift. The data 
for the fluorescence intensity decay were simulated by use 
of (3), (4) and (6). With the given analytical form of R(t), 
the respective integrations were performed analytically to 
obtain g~ (0). The latter was then contaminated with the 
Poisson noise. Similarly, the data, R~, for IRF were ob- 
tained from (5) and subsequently Poisson noise was add- 
ed. The simulated data were analyzed by the ML method 
and the accuracy in the estimated parameters was mea- 
sured by the median Em~ d of the relative errors E (17) for 
101 simulated data sets. The results shown in Table 1 
indicate that the proposed discretization scheme is a good 
compromise yielding equal or better accuracy than either 
the GS or the MSM approach, except for zz =h. In this 
case our approach performes better than the GS scheme, 
but not as good as MSM scheme. As seen from Table 1 
the latter becomes less accurate as the information about 
parameters, M, decreases. Note that the decrease of infor- 
mation about parameters is well correlated with the de- 
crease of the lifetime ratio ~2/zl, as one would expect. 

3 Resu l t s  and d i scuss ion  

Extending our preliminary work (Bajzer et al. 1990b), we 
have here tested the maximum likelihood method for 
analysis of time-resolved fluorescence decay curves on 
synthetic data. We generated data for various lifetimes 
and fractions (2, 3 and 4 components) using (25) for the 
number of counts with various measured instrument re- 
sponse functions standardly defined on 512 channels. The 
number of counts is normalized so that the counts in the 
peak channel (CPC) are equal to the counts in the peak 
channel of the measured instrument response function. 
According to obervations in measurements on our single 
photon counting system, the background level was set to 
be 0.01% of CPC (if not otherwise stated). For  each set of 
lifetimes, fractions and instrument response function, 101 
synthetic data sets were generated corresponding to dif- 
ferent realizations of the Poisson noise (a noise generator 
from Press et al. (/986) was used). As in Sect. 2.3 the 
overall accuracy of lifetimes and fractions was character- 

ized by the median, Emed, of the average relative errors Ei, 
i=1,  . . . ,  101 (17) corresponding to 101 synthetic data 
sets. The least-square methods were tested on the same 
synthetic data. We found that for two-component decays 
the simplex algorithm was robust with respect to the 
starting parameter values (chosen randomly) and the pa- 
rameter estimates obtained by this algorithm were equal 
to those obtained by the modified Levenberg-Marquardt  
algorithm. However, for the three-component decays we 
observed that the simplex minimization was less robust 
and was worse for the four-component decays. This find- 
ing agrees with the observation of Olsson and Nelson 
(1975) that the simplex algorithm is most effective for less 
than six parameters. 

Several factors influence the accuracy of the estimation 
of lifetimes and fractions. Besides the obvious signal to 
noise ratio (characterized by the CPC), and the ratios of 
lifetimes and fractions, the "tail" of the fluorescence inten- 
sity decay curve is also important. This latter factor of 
influence we characterized by the ratio r t and the average 
number of counts, me, in the last 30 channels of the decay 
curve: 

30 

r~=t~,x/Z . . . .  m~= Y~ c,_3o+J30.  (31) 
i = 1  

Here t,,ax is the maximal time at which the counts are 
recorded (number of channels x channel width) and Tin, x is 
the largest lifetime involved. The results shown in Table 2 
clearly demonstrate that the longer the tail (larger r t and 
channel width h) the more accurate are the lifetime and 
fraction estimates (smaller E m J  for all of the three meth- 
ods we compared: ML, LS and LSM. If m c is fairly large 
(>  100) all of these methods are equally accurate as ex- 
pected from our theoretical considerations. However, in 
the case of long tail with small number of counts (m c = 10) 
the M L  estimates are significantly more accurate than 
those obtained from application o f  the L S  and the L S M  
techniques. The error E (ML) was smaller than E(LS) in 
86% of  the time (in 101 simulations) and smaller 63% of 
the time than E(LSM).  In both cases this difference is 
statistically significant: by the pair test for E the probabil- 
ity that the result of  63% or more in comparison with 
50% is observed by chance is equal or smaller than 0.01. 
The significance of difference in accuracy of  the com- 
pared methods is also confirmed by the confidence inter- 
vals for Eme a . 

The question may be posed as to whether the effects of  
the discretization error and Poisson noise in the IRF 
could disturb the presented accuracy in such a way that 
the ML and the LSM estimates would then appear equal- 
ly accurate. To answer this question we generated syn- 
thetic decay data with Poisson noise (z 1 = 1 ns "~2 = 1.5 ns 
f l  = f2 = 0.5, h = 0.025 ns, CPC = 20 000, r, = 7.9) using the 
synthetic IRF (without noise) given in Sect. 2.3. The data 
were then analyzed assuming the discretized form of the 
decay function (25) with the same synthetic IRF, but now 
contaminated by Poisson noise. The results obtained 
were: Emed (ML)=0.041 and Emo a (LSM) -- 0.066 with 
95% confidence intervals [0.034, 0.052] and [0.050, 0.085] 
respectively. In 68% of time E(ML) was smaller than 
E(LSM) and this is statistically significant. Clearly, E,,~a 
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Table 2. The accuracy of the ML, LS and LSM estimates for se- 
lected channel widths and lifetime ratios 

IRF a Lifetimes Eme d Information 
h /FWHM and tail b indices 

z 2 m~ r t ML LS LSM s l z  d 1 M 

0.010/0.096 1.5 910 3.1 0.13 0.13 0.13 3.6 2.8 12 
0.025/0.130 1.5 10 7.9 0.032 ~ 0.106 0.049 15 t l  178 
0.010/0.096 3.0 1899 1.5 0.02 0.02 0.02 16 26 61 
0.025/0.130 3.0 169 3.9 0.005 0.005 0.005 117 113 302 

a TWO measured IRF are characterized by the'number of counts in 
the peak channel being 20 000, by the channel width h expressed in 
nanoseconds and by the full width at the half of maximum (FWHM) 
expressed in nanoseconds 
b z ~ = l  ns; z 2 is expressed in nanoseconds. The fractions were 
L=f~=0.5 

The 95% confidence intervals for the medians are: ML: [0.024, 
0.042]; LS: [0.093, 0.119]; LSM: [0.040, 0.055] 

has increased for both methods due to the effects of the 
discretization approximation and the noise in the IRF (cf. 
second row in Table 2), but the accuracy of the ML meth- 
od is still significantly higher. To eliminate any possibility 
that this result is an artifact, we have also tested the ro- 
bustness of the used Levenberg-Marquardt minimizer. 
Twenty one randomly chosen starting parameter values 
(f~, f2 ~ [0, 1]; ~1, zz ~ [0.1, 10]) were used to analyze 5 re- 
alizations of the synthetic decay data. The resulting pa- 
rameter estimates were consistently equal to the third 
decimal place. 

The lower bounds of the index of separability and the 
index of detectability (Table 2) basically reflect the behav- 
ior of the Eme a for the ML method. Along the same lines, 
the increase of M generally reflects the increase of accura- 
cy although a deviation from such behavior is noted in 
Table 2. 

With the above result we have clearly demonstrated 
the advantage of the ML method. This advantage is fur- 
ther illustrated by numerous two-component simulations 
performed to characterize the behavior of the ML and the 
standard LS methods under various circumstances and 
from different aspects, to wit: 

- The shape o f  the distributions o f  error E. For very 
close values of lifetimes this distribution is broader for the 
ML method than is the corresponding distribution found 
for the LS method. At the same time, it is shifted towards 
smaller values with respect to the distribution for the LS 
method. A typical example is shown in Fig. 2a. For 
higher lifetime ratios the distribution of E for the ML 
method is also clearly shifted, but appears somewhat nar- 
rower than that given by the LS method (Fig. 2b). 

- The behavior o f  the E,,~d f o r  increasing lifetime ra- 
tios, channel widths and r,. The curve corresponding to a 
two-component decay in Fig. 1 suggests that the critical 
lifetime ratio under specified conditions is approximately 
1.1. Additionally, we performed simulations with za 
=1 ns, %=1.11, 1.12, 1.13 ns, f l  = f2-0 .5 ,  h=0.025 ns, 
40 000 CPC and a constant background level of 4 counts. 
We found that the median of A 2 for z z = 1.11 was 7.2 while 
for r 2 = 1.12 it was 11.4, i.e. just above the threshold of 9.2 
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Fig. 2 a, b. The distributions of the average relative errors E for the 
ML and LS methods. The distributions are based on the analysis of 
101 samples of two-component decay curves generated by use of 
measured IRF (512 channels, C P C = 4 0  000, h=0.025 ns, and the 
full width half maximum was 0.09 ns) and parameters: z 1 = 1 ns, 
f l  = f 2  =0.5, g=0;  a %=1.16 ns, h %=1.3  ns 

for A z (cf. Sect. 2.2). Thus, we can estimate the critical 
lifetime ratio to be 1.12 for the above conditions. At this 
lifetime ratio two components are almost unresolved as is 
seen from Table 3. The value of s12 is lower than one, in 
accordance with considerable departure of the estimated 
lifetimes from the trues ones. Similarly, the upper bound 
on the index of detectability, dl, is much smaller than one, 
indicating substantially inaccurate estiamtes of fractions. 
For a lifetime ratio of 1.2 the estimates of parameters for 
the ML method (Table 3) are much closer to the true 
values, although the fractions are still considerably biased 
towards unequal values. The results of the LS method at 
T2/T 1 = 1.2 are almost as inaccurate as the results of the M1 
method for a lifetime ratio of 1.12 (Table 3). 

If the lifetime ratio is increased (by increasing z2 while 
tma ~ is kept constant), both methods provide increasingly 
more accurate estimates (Fig. 3), to the point where for all 
practical purposes both methods provide satisfactorily 
accurate estimates (say at lifetime ratio of 1.8 when 
Emcd < 0.02 for both methods). The effect of increasing the 
channel width, h, while keeping r, constant is also shown 
in Fig. 3. By comparing the dashed and solid lines one can 
see that the ML method is less sensitive than the LS 
analysis to changes in h. Again, this can be attributed to 
the fact that in the ML method Poisson statistics are 
adequately taken into account even for the low number of 
counts at the tail of the decay curve. In Fig. 4 we show 
that the lifetimes estimated by the LS method are evi- 
dently biased towards lower values while for the ML 
method this is less emphasized. 

The importance of the tail of the fluorescence decay 
curve is more comprehensively illustrated in Fig. 5. It is 
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Fig. 3. The medians of the average relative 
errors E for the ML and LS methods as a 
function of lifetime ratio r2/r a for the two- 
component decay. Solid lines correspond to 
the case where tm~ ~ is constant (h = 0.025 ns), 
and dashed lines correspond to the case 
where r t = tmax/ 'C2 is constant (variable h). 
The IRF was the same as in Fig. 2, except 
for the variation in h. The other parameters 
were: r ~ = l  ns, f l  = f2=0.5,  ~ = 0  

Table 3. Recovered lifetimes and fractions of selected two-compo- 
nent decay simulations 

zl % f l  f2 R'D'~ E~a s12 dl d2 

Exact 1.00 1.12 0.50 0.50 1.20 0.52 0.37 0.37 
ML b 0.7 1.066 0.02 0.98 1.02 0.55 
S.D. c 0.2 0.007 0.04 0.04 

Exact 1.00 1.20 0.50 0.50 1.38 1.50 1.50 2.11 
ML 0.9 1.14 0.2 0.8 1.16 0.36 
S.D. 0.1 0.03 0.2 0.2 
LS 0.76 1.122 0.07 0.93 1.12 0.51 
S.D. 0.09 0.008 0.04 0.04 

Exact 1.00 1.80 0.009 0.991 1.13 1.65 0.69 75.5 
ML 0.4 1.797 0.003 0.997 1.03 0.32 
S.D. 0.2 0.002 0.002 0.002 

Exact 1.00 1.80 0.04 0.96 1.06 7.3 3.04 73.0 
ML 0.9 1.794 0.030 0.970 1.02 0.09 
S.D. 0.1 0.005 0.009 0.009 
LS 0.88 1.792 0.030 0.971 1.11 0.10 
S.D. 0.08 0.004 0.007 0.007 

R.D. denotes the reduced deviance given by D (O)iv in case of the 
ML method, and by 72/v in case of the LS method and for the case 
of "exact" parameters 
b Displayed parameters for a given method correspond to that  
simulation (among 101 with the given "exact" parameters) for which 
the average relative error achieves its median value 
° The standard deviations (S.D.) in parameters are estimated from 
the inverse Hessian of the Poisson deviance for the ML method (see 
19), and from the inverse Hessian of X 2 (8) for the LS method 

clear that there is an optimal value of r~ (~6.6 at given 
lifetime ratio of 1.3) for which the error E=¢ e for both ML 
and LS estimates, is the lowest. This is consistent with the 
result of Hall and Selinger (1981), i.e. that for a one-com- 
ponent decay there is an optimal channel width. For 
higher values of rt the accuracy of the ML estimator de- 
creases significantly less than the accuracy of the LS esti- 
mator. Again, this can be understood as the impact of the 

low-count region of the fluorescence decay curve on the 
accuracy of estimation. Below the optimal r t the error E 
increases rapidly for both methods. In Fig. 5 we have also 
displayed the indices s12 and dl which predict the behav- 
ior of Emed in the case of the ML method (the greater these 
indices are the smaller is the error). In practice one can use 
these indicates to assess the best values for rt; in other 
words, if we assume a certain value for Vmax (obtained in 
preliminary analysis) we can calculate sa2 and dl for dif- 
ferent values of tr,,x. 

-- The behavior o f  the Eme d f o r  various fraction ratios. 
In Fig. 6 we illustrate how both the ML and LS methods 
become less accurate as the fraction ratio f z / f~  departs 
from 1. For the ML method Emod is noticeably symmetric 
with respect to f z / f~  = 1. This is not the case for the LS 
method where noticeable asymmetry can be expected be- 
cause of the longer tail of the fluorescence intensity decay 
curve for higher j~ (as za was smaller than %), which 
magnifies the shortcomings of the LS method at the low- 
count region of the fluorescence intensity decay function. 
The upper bounds of detectability indices d 1 and dr, also 
shown in Fig. 6, behave in agreement with Eme e. The crit- 
ical fraction ratio can be assessed in the same way as the 
critical lifetime ratio, i.e. by using the likelihood ratio test. 
For r2/vt = 1.8, r~ = 7.1 and 40 000 CPC, we found that the 
critical fraction ratio is approximately 110 (f~=0.009). 
For this ratio A2 = 10.9, but the actual estimates of% and 
f~ are considerably biased (Table 3). This is well reflected 
by the values of s~2 and dl. For  a fraction ratio of 24 
(f~=0.04), the parameter estimates are considerably 
more accurate (Table 3) for both the ML and LS methods. 

- The dependence ofEme e on the signal to noise ratio. 
As mentioned above we characterize the signal to noise 
ratio by the number of counts in the peak channel of the 
fluorescence intensity decay profile. In Table 4 we show 
how Emod decrease with an increase in the CPC (three 
different measured IRF were used) and we compare four 
methods: ML, LS, LSM and the generalized Pad& 
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Fig. 5. The medians of the average 
relative errors E for the ML and LS 
methods as a function of rt, and the 
corresponding lower bounds of sepa- 
rability and detectability indices (right 
scale) in two-component decays. The 
IRF was the same as in Fig. 2. The 
value of r t was varied by changing r 2 
and % while keeping their ratio con- 
stant at 1.3. Other parameters re- 
quired for simulation were: 
f l =  f2=0 .5 ,  6=O 

Laplace method. The simulations were defined by 
z l = l n s ,  z 2= l . 3ns ,  f l = f 2 = 0 . 5 ,  h = 2 5 p s .  The lower 
bounds of the index of separability and the index of de- 
tectability correlate well with Emo a. As expected the 
amount  of information about the parameters, M, in- 
creases with the CPC. The comparison of the four ap- 
proaches (based on E~,ea with 95% confidence limits and 
on the percentage p defined in Table 4) shows that the ML 
method provides the most accurate and the standard LS 
method the least accurate results (except for the highest 
CPC, where, interestingly, LS performs better than GPL). 

All presented simulations of two-component decays 
demonstrate just how complex is the problem of deter- 
mining lifetimes and corresponding fractions. This com- 
plexity increases markedly for three- or four-component 
decays. Now, we present simulations which illustrate 
some of the features pertinent to three- and four-compo- 
nent decays. 

- The behavior o f  Emedfor increasing lifetime ratios in 
the ease o f  three-component decays. First we consider the 
case where the lifetime ratio is given by z2/~ 1 = %/%. The 
result of simulations shown in Fig. 7 (curves a) reveals 
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Fig. 6. The median of average rela- 
tive error E as a function of fraction 
ft  in two-component decays for the 
ML and LS methods. The upper 
bound of detectability indices are 
also shown as a function of fl 
(right scale). The parameters 
were: z 1 = 1 ns, 2" 2 = 1 .8 ,  

f2 = 1 - f l ,  6 = 0. The IRF is the 
same as in Fig. 2 

Table 4. The  accuracy  of the  M L ,  LS, L S M  and  G P L  es t imates  for 
increas ing signal to noise  rat io  

ML LS LSM GPL Information 
indices 

CPC . Em~d E m e d  pC Eme d p Eme d p s12 d x M 
C.I. b C.I. C.I. C.I. 

10 0.25 0.50 87 0.42 74 0.23 53 3.1 2.2 9 
0.21 0.47 0.38 0.18 
0.30 0.52 0.48 0.29 

40 0.12 0.19 70 0.16 65 0.14 52 6.2 4.4 36 
0.10 0.16 0.14 0.11 
0.15 0.23 0.19 0.17 

200 0.054 0.056 59 0.060 60 0.089 69 14 10 178 
0.04/ 0.046 0.042 0.071 
0.063 0.076 0.068 0.097 

CPC is the number of counts in the peak channel given in thou- 
sands 
b C.I. is the 95% confidence interval for the corresponding medians 
c p is the percentage expressing how many times in 101 simulations 
E for the ML method is smaller than E for other method corre- 
sponding to the label in the first row of the table 

that  a ratio of  2 and higher the M L  and LS methods  
coincide in accuracy (see also Table 5). Fo r  the ratio of / .8 ,  
E (ML) is smaller than E(LS) in 65% times showing the 
significant difference in accuracy.  The critical lifetime ra- 
tio was est imated to be app rox ima te ly / . 5  (see Fig. 2) with 
the median  of A 3 being / 0 (see Table 5 for the representa- 
tive estimates of  lifetimes and fractions). This value of  the 
critical lifetime ratio can be expected on the basis of  
greater complexi ty of  the three-exponential  compared  to 
the two-exponent ia l  model.  However ,  in some cases two 
of  the three componen t s  with the lifetime ratio smaller 

than 1.5 can be resolved. Thus, if we choose z 1 < 1 ns, 
v2 = 1.25 ns, T3 = 5 ns f~ = f2 = f3 = 1/3, and define the 
lifetime ratio to be %/zl ,  the critical lifetime ratio was 
est imated to be approximate ly  1.25 with the median of  A 3 
be ing/0 .3 .  The results of simulations for increasing T2/~1 
are also shown in Fig. 7 (curves b) and typical estimates 
of parameters  at the critical lifetime ratio are displayed in 
Table 5. The values of  upper  bounds  on indices of separa- 
bility and detectability generally reflect the accuracy of  
est imated parameters;  examples are shown in Table 5. 

- The behavior of  Em, d for increasing lifetime ratios in 
the case of  four-component decays. We assume that  the 
lifetime ratio is given by T2/z 1 =v3 / z2=z , /T  3. Simula- 
tions showed that  the M L  and LS methods  display rather 
similar accuracy,  except for the lifetime ratio of  2 (see 
Fig. 8). The critical lifetime ratio under  the condit ions 
defined in the figure capt ion of  Fig. 8 was est imated to be 
2.05 with the median of  A4 being 10.8. Typical estimates 
of  parameters  at the critical lifetime ratio as well as for the 
ratio 2.5 are shown in Table 5. The  upper  bounds  on 
indices of  separability and detectabili ty are also shown. 
As in the two- and th ree-component  cases they reflect the 
accuracy of  the est imated parameters.  

In  all of  the results presented thus far, we have as- 
sumed that  the zero-t ime shift is negligible (6 = 0). I f  6 is 
of  the order  of a few channels, our  simulations show that  
the accuracy of  the est imated lifetimes and fractions does 
not  differ f rom the case when 6 = 0. However ,  we noticed 
that  it was impor tan t  to start the minimizat ion with an 
initial value of  6 no t  far f rom the true one. Therefore it 
appears useful for the analysis of  experimental da ta  to 
obtain the initial value of  parameters  by use of  a me thod  
which does not  involve the numerical  minimizat ion of  
non-l inear  functions (e.g. the me thod  of  moments ,  the 
G P L  method,  Laplace t ransform method).  

Concluding  this section, we want  to emphasize that  in 
all the cases we have studied here, the c o m m o n  criteria of 
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Fig. 7. The medians of the average relative er- 
rors E for the ML and LS methods as a func- 
tion of lifetime ratio for the three-component 
decay. The curves (a) correspond to lifetime 
ratio defined as z2/z 1 =%/z2,  zl =0.8 ns, and the 
same IRF as in Fig. 2 were used. The curves (b) 
correspond to lifetime ratio defined as z2/z t , 
~z = 1.25 ns, z 3 = 5 ns and the IRF used was the 
one described in Fig. 2 with h=0.04 ns. In both 
cases the fractions were f l  =0.334, 
f z =  f3=0.333, and f i=0 

Table 5. Recovered lifetimes and frac- 
tions of selected simulations with 3 and 4 
decay components 

R.D. denotes the reduced deviance de- 
fined as in Table 3 
b Displayed parameters for a given 
method correspond to that simulation 
(among 101 with the given "exact" 
parameters) for which the average rela- 
tive error achieve its median value 
c The standard deviations (S.D.) in 
parameters are estimated as in Table 3 

zl r2 z3 z4 f l  A f3 f4 R.D." Eme a 
Index s12 s23 s34 d~ d 2 d 3 d 4 

Exact 0.50 0.75 1.125 0.334 0.333 0.333 1.15 
Index 0.8 1.2 0.9 31 12 
ML b 0.3 0.60 1.1 0.03 0.51 0.40 1.05 0.41 
S.D. ~ 0.1 0.04 0.02 0.04 0.02 0.04 
LS 0.3 0.56 1.06 0.01 0.52 0.47 1.01 0.43 
S.D. 0,2 0.02 0.01 0.02 0.01 0.02 

Exact 0.50 1.0 2.0 0.334 0.333 0.333 1.12 
Index 8.9 10.8 8.9 18 12 
ML 0.49 0.92 1.94 0.30 0.33 0.37 1.05 0,053 
S.D. 0.02 0.08 0.03 0.05 0.03 0.02 
LS 0.51 1.10 2.04 0.37 0.33 0.30 1.06 0,056 
S.D. 0.01 0,09 0.06 0.03 0.02 0.04 

Exact 1.0 1.25 5.0 0.334 0.333 0,333 1.14 
Index 0.5 9.0 0.38 0.38 58 
ML 1.07 1.8 5.1 0.60 0.08 0,32 1.06 0.36 
S.D. 0.04 0.9 0.1 0.09 0.08 0,02 
LS 0.7 1.14 4.97 0.03 0.63 0,335 1.04 0.37 
S.D. 0.4 0.04 0.03 0.08 0.08 0.004 

Exact 0.2 0.41 0.84 1.72 0.25 0.25 0.25 0.25 1.17 
Index 1.6 1.7 4.5 3.2 4.1 2.8 7.0 
ML 0.19 0.3 0.72 1.69 0.2 0.2 0.32 0.27 1.01 0.18 
S.D. 0.04 0.1 0.06 0.03 0.2 0.2 0.04 0.01 
LS 0.18 0.26 0.66 1.63 0.1 0.3 0.33 0.29 1.13 0.22 
S.D. 0.08 0.09 0.04 0.02 0.3 0.3 0.03 0.0t 

Exact 0.2 0.5 1.25 3.125 0.25 0.25 0.25 0.25 1.02 
Index 4.4 4.1 8.8 9.9 9.6 10 9.8 
ML 0.198 0.45 1.1 2.99 0.24 0.22 0.26 0.28 0.99 0.078 
S.D. 0.009 0.07 0.1 0.06 0.03 0.02 0.03 0.01 
LS 0.210 0.5 1.1 3.02 0.27 0.20 0.26 0.27 1.03 0.080 
S.D. 0.009 0.1 0.2 0.09 0.04 0.04 0.05 0.02 

g o o d n e s s  o f  fit ( r educed  d e v i a n c e  c lose  to  one ,  r a n d o m  
res idua l s  a n d  D u r b i n - W a t s o n  f ac to r  h i g h e r  t h a n  1.8) were  
idea l ly  satisfied. Th i s  imp l i e s  t h a t  u n d e r  g iven  c o n d i t i o n s  
the  a c c u r a c y  of  e s t i m a t e d  p a r a m e t e r s  is t h a t  w h i c h  is 
m a x i m a l l y  ach ievab le .  I t  is l ike ly  t h a t  in the  case  of  m e a -  

su red  d a t a  t he  ana lys i s  by  the  M L  (or LS) m e t h o d  yie lds  
less a c c u r a t e  e s t ima te s  d u e  to  poss ib le  n o n r a n d o m  e r ro r s  
(e.g. l igh t  sca t t e r  (Smal l  et al. 1990)). I n  o r d e r  to  i m p r o v e  
the  accu racy ,  the  e x p e c t e d  n o n r a n d o m  e r ro r s  h a v e  to  be  
m a t h e m a t i c a l l y  m o d e l e d .  
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Fig. 8. The medians of the average relative er- 
rors E for the ML and LS methods as a func- 
tion of lifetime ratio for the four-component de- 
cay. The IRF was the same as in Fig. 2. The 
parameters were: ~1 = 0.2 ns, z2, z a, z 4 = variable, 
fx= fz= f3= f4=0.25, 3=0ns 

4 Conclusions 

We have demonstrated the applicability of the maximum 
likelihood method to the analysis of time-resolved fluo- 
resecence decay curves. The ML method is clearly as ap- 
plicable as the standard LS method. However, the ML 
method possesses a distinct advantage over the standard 
and modified LS approach since it correctly takes into 
account the Poisson fluctuation characteristic of single 
photon counting data. F rom the standpoint of computa- 
tional demand all three considered methods are essen- 
tially equivalent. 

We have shown how the properties of the maximum 
likelihood estimator can be used to obtain information a 
priori on the separability and the detectability of decay 
components. Specifically, we made use of the information 
matrix to define bounds on separability and detectability 
indices. These indices have not hitherto been applied to 
the analysis of single photon counting data. We have also 
introduced the likelihood ratio test as a tool for discrim- 
inating models with N and N - 1  decay components. 

To assess the ML method and to compare it to the LS 
method we performed a large number of simulations 
based on measured and synthetic instrument response 
functions, The main conclusions from these simulations 
are: 

i) The ML estimates are always at least as good as 
those from the LS approach and, in most cases, are better. 

ii) The accuracy with which the lifetimes and fractions 
are estimated behave similarly for the ML and LS meth- 
ods as lifetime or fraction ratios are changed. The same is 
true when the level of the signal to noise ratio changes. 

iii) The tail of the fluorescence intensity decay curves 
may carry considerable information on fractions and life- 
times. The ML method is more suitable than the standard 
or modified LS method for extracting this information 
(i.e., the ML method provides more accurate estimates). 

iv) The lower bounds of separability and detectability 
indices are useful for assessing how accurately, and 
whether under given conditions (of signal to noise ratio, 
number of channels, channel width and IRF) one can 
resolve two components with close lifetimes. The lower 
bound of detectability index is specifically useful to deter- 
mine, whether and how accurately one can detect a com- 
ponent with a small fraction. 

v) The likelihood ratio test is useful in deciding 
whether an additional decay component is needed for 
"best fit". If the test implies values just above the 
threshold then the corresponding parameter estimates 
are strongly biased. 

The experience we have gained from numerous simu- 
lations allow us to make some recommendations on how 
to approach the analysis of fluorescence intensity decay 
curves assuming that they are well described by the multi- 
exponential model. First, it is useful to estimate the num- 
ber of exponential decay components and the corre- 
sponding parameters by using the G P L  method (or other 
similar technique such as the method of moments). In this 
way one has an excellent starting point for subsequent 
application of the ML method, namely the expected num- 
ber of components and the values of parameters for the 
initial guess. Then, if analysis by the ML method is per- 
formed, and if there is evidence (based on the likelihood 
ratio test) that two or more decay components are pres- 
ent, we recommend calculation of the lower bounds to 
separability and detectability indices for the lifetimes and 
fractions obtained. These calculations require a small 
computational effort and provide information on how 
resolvable and detectable the assumed components are. 
(If any of these indices is smaller than 2 the parameter 
estimates may be very inaccurate.) The next step is to do 
simulations based on the preliminary obtained parame- 
ters and on a measured instrument response function. 
These are computationally much more intensive, but they 
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should nonetheless be performed. Then, by using Em~ d, 
one should be able to assess the global accuracy achieved 
for this set of parameters. The same simulations can be 
used to estimate the variances for particular lifetimes or 
fractions and can thus provide further insight into how 
accurate the estimated parameters might be. 

If, by this additional analysis, it becomes clear that the 
estimation of parameters is not satisfactorily accurate, 
one should consider applying another method of analysis. 
However, there is little hope that any general method can 
provide more accurate estimates of parameters, and, even 
if another method could do so, simulations would still be 
essential. The best approach may therefore be to proceed 
with simulations of fluorescence intensity decay data con- 
taing a greater amount of information about the desired 
parameters. The amount of information can be enhanced 
by increasing the CPC and the number of channels, and/ 
or by adding decay curves as done for global analysis 
(Knutson et al. 1983). The ML analysis of these data 
should then yield more accurate estimates of parameters. 
(We have implemented a version of our computer code for 
the ML method in the current version of the software 
GLOBALS UNLIMITED (Beechem et al. 1990) for glob- 
al analysis.) Depending on the results of these simulations 
one should be able then design and perform additional 
measurements and by applying the ML technique obtain 
more accurate estimates of both lifetimes and fractions. 

One final comment. The analysis of fluorescence inten- 
sity decay profiles belongs to those complex problems 
which involve the art of scientific computing. With the 
present state of knowledge this problem cannot  be re- 
duced to a precise algorithm. Rather, one needs to employ 
a roughly defined strategy based on experience and in- 
volving the use of several approaches. The ML method 
described above appears to be the most accurate if the 
assumed decay model is correct. To assess how adequate 
the multiexponential decay model is, one should use 
methods of analysis capable of detecting quasi-continu- 
ous distributions of lifetimes which may correspond to a 
nonexponential decay model. A comprehensive set of 
such methods have been studied recently (Siemiarczuk et 
al. 1990; Small et al. 1989; Livesey and Brochon 1987; 
Alcala et al. 1987; Willis et al. 1990; Provencher 1982 a, b) 3, 
but with the exception of the extended method of mo- 
ments (Small et al. 1989), they involve minimization of the 
Gaussian deviance for analysis of time correlated single 
photon counting data. It would now be desirable to 
modify these methods to include the more appropriate 
Poisson deviance and to conform with the maximum 
likelihood approach. We believe that such a modification 
would improve the resolvability and detectability of these 
methods. 
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5 Appendix 

Here we present some relevant numerical and computa- 
tional aspects of minimization of the Poisson deviance (7), 
especially in comparison to minimization of the Gaussian 
deviances (8) and (9). Any of these deviances, d(O), can be 
written in the form 

d(0)= ~ f~2(0) (A1) 
i = 1  

where respective forms of f (0) are given in Table 6. 
Frequently used Gauss-Newton method of minimiza- 

tion (or its modifications such as Levenberg-Marquardt 
algorithm) can be applied to functions of the form (A1) (cf. 
Kennedy and Gentle 1980). The Gauss-Newton method 
requires the first derivatives of the functions f~ (0) which 
can be written as 

~f~ (0)/~0j = c~ i (0) ~g i ( O)/~O j (A2) 

with ~b~ (0) given in the Table 6. Computationally, ~b i (0) 
for the Poisson deviance is somewhat more complex than 
~bi (0) for the deviance (9), while ~b~ (0) for deviance (8) is 
clearly computationally the simplest. However, with to- 
days fast computers there is no reason to choose any of 
the Gaussian deviances on the basis of their minor com- 
putational advantage. 

Other powerful methods for numerical minimization 
like conjugate gradient method or variable metric meth- 
ods (cf. Press et al. 1986) require the first derivatives of 
object functions itself. In our case they are given by 

~d(O)/~Oj= 2 ~ ~9~ (0) ~g~ (O)/~Oj (A3) 
i = 1  

with ~ (0) presented in Table 6. From Table 6 it is clear 
that the first derivatives of Poisson deviance are compu- 
tationally equivalent to the first derivatives of Gaussian 
deviance (8) and the first derivatives of deviance (9) are 

Table 6. Computational differences in minimization of Poisson and 
Gaussian deviances 

d (0) f, (0)" ~, (0) ~ (o) 

Poisson, 

3 The software package called CONTIN designed by Provencher, Eq. (7) 
is a very versatile tool for analysis of possible existence of lifetime Gaussian 
distributions, based on powerful constrained regularization method Eq. (8) 
for solving the integral equations with noisy functions. Unfortu- Gaussian 
nately it has not been widely used by researchers in the field of Eq. (9) 
fluorescence analysis. The recent paper of Gregory and Zhu (1990) 
clearly shows the remarkable capabilities of CONTIN 

[2(q logu~+g~--q)] 1/2 2 fZ1 (1--ui) 1--u¢ 

(c~- gi) cF ~/2 - ci- ~/2 u f  ~ - 1 

(ci--g~)gF 1/2 (gt)-l/Z(l +ul)/2 1--u~ 

a ui=cjgi(O) ' gi=gi(O) ' fi=fi(O) 
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negligibly more complex. Thus, in case of methods which 
require the first derivatives of the object function there is 
no computat ional  advantage in choosing any of the two 
considered Gaussian deviances. The same is true for the 
Newton method (cf. Kennedy and Gentle 1980) where the 
computat ion of Hessian matrix (19) is required. This can 
be easily seen after differentiating the expressions (A3) 
with respect to O k. However,  the computat ion of Hessian 
in our case requires considerable amount  of cpu-time and 
therefore we would not recommend the use of the Newton 
method. 

Another  computat ionally relevant problem is the eval- 
uation of the model function g~ (0) and its derivatives. The 
discretization scheme is described in Sect. 2.3 yielded to 
formula (25) for ~ (0) which can be rewritten in computa-  
tionally convenient recursive form as: 

q, (0) = "~ (F~ k + f~ d~) + b, , 
k = l  

6 6 F~ k = fk ek ~ = 1 eh (j- 0/~ Rj +flk R~ 

(A4)  

F~k, =F~k e2 + fkf ik(R~ ek+Ra~+,);Fk= fk f i ,  Ra~ (A5) 

where e 2 =  - e  -hm, and ek and flk are given by (26). In 
actual calculation the error el introduced by discretiza- 
tion is neglected. 

The first derivatives of 9~ (0) can also be expressed re- 
cursively. As seen from (A4) it is only necessary to find 
derivatives of F~ k. From (A5) it follows immediately 

eF~k/~ f k=  Fff / L ,  (A6) 

2 OF k/aZk (A7) 

+ h e k [ ( F i k _ f k R f )  ek+ a a 2 f ,  (R, - R, + ,)/2]/z k , 

8Fk/~Zk = -- h fk ek R~/(2 z2), (A8) 

Oflk+ l /Oa_  2 aFik/a~_k_ f~ fik (R'i ek + R',+ 1), R',=OR~ /O6 - -  e k 

(A9) 

a F k / ~  = fk ~k R'~ . (A10) 

When 6 = 0, then the expressions (A5-A8) can be read- 
ily computed ( R ° = ( R i )  is replaced by measured R~). 
When 6 is assumed to be different from zero, the expres- 
sions (A5-A8) can be computed by approximating R~ 
with P~ (cf. 30). In order to compute R'~ we have to express 
it in terms of Ri. This can be accomplished by differentia- 
tion of R~ with respect to 6 (cf. 23), by subsequent substi- 
tution of (28) and by Taylor expansion with respect to e 
yielding: R~=R( ( i+I )  h ) - R ( ( i + l - 1 )  h)+O(a).  Then, 
analogously as in Sect. 2.3, (29), (27) and (5) are used to 
obtain: 

R'~ = P / - - ( v , + ,  + ~ - -  v , + , ) / h  + 0 (h) + 0 (0, 

Pi'=(Ri+l+ , - R i + l ) / h  

(A11) 

Now (A9) and (A10) can be approximated by replacing R'~ 
with P / a n d  the obtained expression computed from the 
measured I R F  data. 
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